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$\Pi$ ( ) $\rho$
$P(dx)=P(dx|\rho, \Pi)$
(preparation)























$\mathcal{H}$ $\langle\psi|\varphi\rangle(\psi, \varphi\in \mathcal{H})$
$\langle\psi|\varphi\rangle$
$\varphi$ $\psi$ (($c\psi|\varphi\rangle$ $=\overline{c}(\psi|\varphi\rangle$ ,
$c\in C,\overline{c}$ $c$ ) $\mathcal{H}$ $\rho$ : $\mathcal{H}arrow \mathcal{H}$ $\rho=\rho^{*}\geq 0$ (








$\Pi$ $\mathcal{B}$ $B$ $\mathcal{H}$ $\Pi(B)$ $\Pi$ : $Brightarrow^{\backslash }\Pi(B)$
(i) $\forall B\in \mathcal{B}$ ; $\Pi(B)=\Pi(B)^{*}\geq 0$ ( )
(ii) $\Pi(\emptyset)=0$ , $\Pi(R^{p})=I$ ( )
(iii) $B_{i}\cap B_{j}=\phi(\forall i\neq\forall j)$
$\{B_{j}\}\subset \mathcal{B}$
$\Pi(\bigcup_{j}B_{j})=\sum_{j}\Pi(B_{j})$












$(\Omega,\mathcal{F})$ Tr $\Omega$ $\int d\mu$
$\mathcal{H}$
$\rho$
$(\Omega, \mathcal{F}, \mu)$ $p$
$(\mathcal{X}, \mathcal{B})$ ( )
$(\Omega, \mathcal{F})$ $(\mathcal{X}, \mathcal{B})$ $X:\Omegaarrow \mathcal{X}$
$\omega$ $x$ ( ) $Q(dx|\omega)$
$\omega$ deterministic












) $\Pi$ ( )
$X= \int x\Pi(dx)$ (3)
$X$ 1 1 $\rho$
$\mu=\int xTr[\rho\Pi(dx)]=Tk[\rho X]$
$\sigma^{2}=\int(x-\mu)^{2}Tr[\rho\Pi(dx)]=Tr[\rho(X-\mu I)^{2}]$




$S=S(\mathcal{H})def=$ { $\rho|\rho=\rho^{*}>0$ ,Tr $\rho=1$ }













$\mathcal{X}$ $\tilde{\Pi}(dx)$ $x(\in \mathcal{X})$





$P(dt|\rho,\Pi)=$ Tr $[p\Pi(dt)]$ (4)
$\rho=p_{\theta}$ $P_{\theta}(dt|\Pi)=P(dt|\rho_{\theta}, \Pi)$ o
$M=\{\rho_{\theta}\}$ $\Pi$ $P_{\theta}(dt|\Pi)$
loss function $L$














$J_{\theta,1j}def={\rm Re}$ Tr $[\rho_{\theta}L_{\theta,i}L_{\theta,j}]$ (8)
( ${\rm Re}$ ) $d\cross d$ $J_{\theta}$ $\Pi$
$V_{\theta}[\Pi]\geq J_{\theta}^{-1}$ (9)
( - ) (Helstrom (1967); [1], [2] )
$L_{\theta,i}$ $M=\{\rho_{\theta}\}$
$M$ $\{p_{\theta}\}$ $L_{\theta,i}$ $\frac{\partial}{\partial\theta^{1}}\log p_{\theta}$
$J_{\theta}$ Fisher (9) Crame’r-Rao ( CR )
CR CR (9)
$\Pi$ $\forall\theta\in\Theta$ (5)
$\int t^{i}\frac{\partial}{\partial\theta^{j}}P_{\theta}(dt|\Pi)=\delta_{j}^{i}$ $(\forall i,\forall j)$ (10)
$\forall\theta\in\Theta$ ( )










$d\geq 2$ $\theta$ (9)
$d\geq 2$ $V_{\theta}[\Pi]$
$d\cross d$ $W$
tr $(WV_{\theta}[\Pi])$ ( $tr\cdot$ $dxd$ ; cf. Tr )




$d\geq 2$ $d=1$ CR (9)
$\theta$
$\Pi$ $R$-
$T= \int t\Pi(dt)$ (5) (10)
Tr $[\rho_{\theta}T]=\theta$ , Tr $[( \frac{d}{d\theta}\rho_{\theta})T]=1$ (11)
$\theta$ $\theta$
$L_{\theta}$ $T$
$T= \theta I+\frac{1}{J_{\theta}}L_{\theta}$ (12)
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(11)
$V_{\theta}[T]= Tr[\rho_{\theta}(T-\theta I)^{2}]=\frac{1}{J_{\theta}}$ (13)
$T$ $\theta$ CR (9)
$d=1$




$\mathcal{H}^{\langle n)}=\mathcal{H}_{1}\otimes \mathcal{H}_{2}\otimes\cdots\otimes \mathcal{H}_{n}=\bigotimes_{i=1}^{n}\mathcal{H}_{i}$
$\mathcal{H}^{\langle n)}$ $p^{(n)}$
$n$ $\rho_{1},$ $p_{2},$ $\ldots,$ $\rho_{n}$
$\rho^{(n)}=p_{1}\otimes p_{2}\otimes\cdots\otimes\rho_{n}=\bigotimes_{=j1}^{n}\rho_{i}$
$\mathcal{H}_{1}=\mathcal{H}_{2}=\cdots=\mathcal{H}_{n}$ , $\rho_{1}=\rho_{2}=\cdots=\rho_{n}$ (14)
i.i. $d$ . (independent and identically distributed)
$\mathcal{H}^{\langle n)}=\otimes_{:}^{n_{=1}}\mathcal{H}_{i}$ $T^{\langle n)}$





$\mathcal{H}_{n}$ ( ) $\Pi_{1}(dx_{1}),$
$\ldots,$
$\Pi_{n}(dx_{n})$
$(x_{1}, \ldots,x_{n})$ $t=t(x_{1}, \ldots,x_{n})$
$T^{\langle n)}= \int\cdots\int t(x_{1}, \ldots,x_{n})\bigotimes_{j=1}^{n}\Pi_{i}(dx_{i})$ (16)
$T^{(n)}$ $T^{\langle n)}$ (15)
$\Pi^{\langle n)}(dt)=\int\cdots\int_{t(x_{1},\ldots,t_{n})\in dt}$ : (17)
i.i.d. : $\mathcal{H}_{i}=\mathcal{H},$ $p_{i}=\rho(\forall i)$ $\Pi_{i}=\Pi(\forall i)$
$(x_{1}, \ldots, x_{n})$ $P(dx)=Tk[\rho\Pi(dx)]$ (





$i$ $(x_{1}, \ldots, x_{i-1})$




$\mathcal{H}^{(n)}$ $\Pi^{(n)}(dt)$ (17)(19) $\mathcal{H}^{(n)}$
6
$\mathcal{H}$ 1- $M=\{p_{\theta}|\theta\in\Theta\}(\Theta\subset R)$ n-i.i. $d$ .





$\{\mathcal{H}^{\langle n)} ; n=1,2, \ldots\}$ $\{T^{\langle n)} ; n=1,2, \ldots\}$ $\forall\theta\in\Theta,$ $\forall\epsilon>0$
$P_{\theta} \{|T^{\langle n)}-\theta|>\epsilon\}=\int_{|t-\theta|>\epsilon}P_{\theta}(dt|T^{\langle n)})arrow 0$ as $narrow\infty$ (21)
$\{T^{(\mathfrak{n})}\}$




$V_{\theta}[T^{(n)}]= Tr[\rho_{\theta}^{(n)}(T^{(n)}-\theta I)^{2}]\geq\frac{1}{nJ_{\theta}}$ (23)
$V_{\theta}$ ( $\neq$ )
$V_{\theta}[T^{(n)}] \geq(\frac{d}{d\theta}E_{\theta}[T^{\langle n)}])^{2}/nJ_{\theta}+(E_{\theta}[T^{\langle n)}]-\theta)^{2}$ (24)









$n$ $(x_{1}, \ldots, x_{n})$




Fisher $J_{\theta}[\Pi]$ Fisher ([4])
$J_{\theta}= \max_{\Pi}J_{\theta}[\Pi]$ (27)






to ( ) $\Pi_{t_{O}}$ $x_{1}$
$\{P_{\theta}(dx_{1}|\Pi_{t_{0}})\}$ $t_{1}$ $\Pi_{t_{1}}$
$x_{2}$ $(x_{1},x_{2})$ $\{P_{\theta}(dx_{1}|\Pi_{t_{O}})P_{\theta}(dx_{2}|\Pi_{t_{1}})\}$
$t_{2}$ $\Pi_{t_{-1}}$. $x_{n}$ $(x_{1}, \ldots,x_{n})$
$\{P_{\theta}(dx_{1}|\Pi_{t_{O}})\cdots P_{\theta}(dx_{n}|\Pi_{t_{*-1}})\}$
$t_{n}= \arg\min_{\theta}p_{\theta}(x_{1}|\Pi_{t_{O}})\cdots p_{\theta}(x_{n}|\Pi_{t_{*-1}})$
(18) (19) $narrow\infty$ $t_{n}$ $\theta$








Fisher $J_{\theta}$ Kullback divergence (Kullback-Leibler ):
$D(P \Vert Q)=\int(\log\frac{dP}{dQ})dP$ (28)












(large deviation) (Cram\’er, Sanov, Stein, etc) (29)
CR ([7],
[8])
$\varliminf_{\epsilon\downarrow 0^{n}}\varliminf_{arrow\infty}\frac{1}{\epsilon^{2}n}\log P_{\theta}\{|T^{(n)}-\theta|\geq\epsilon\}\geq-\frac{1}{2}J_{\theta}$ (33)
$\{T^{(n)}\}$ $\{T^{(n)}\}$ Bahadur efficiency
$\varliminf_{\epsilon\downarrow 0^{n}}\varliminf_{arrow\infty}\frac{1}{\epsilon^{2}n}\log P_{\theta}\{T^{\langle n)}\geq\theta+\epsilon\}$ $\geq$ $- \frac{1}{2}J_{\theta}$ (34)







$\sigma$ $\Pi(dx)$ $P(dx)=Tr[\rho\Pi(dx)]$ ,
$Q(dx)=Tr[\sigma\Pi(dx)]$ Kullback divergence $D(P\Vert Q)$ $D_{\Pi}(\rho\Vert\sigma)$
$D_{\Pi}(p\Vert\sigma)\leq D(p\Vert\sigma)$ (36)
([9]) $p,$ $\sigma$ $\Pi$
( (27) (29) (31) (36) (32) )
$p,$ $\sigma$ n-i.i. $d$ . $p^{(n)}=\otimes^{n}p,$ $\sigma^{(n)}=\otimes^{n}\sigma$
$D(p^{(n)}\Vert\sigma^{(n)})=nD(p||\sigma)$ (37)
$\mathcal{H}^{(n)}=\otimes^{n}\mathcal{H}$ $\Pi^{(n)}$






$\mathcal{H}$ 1- $M=\{\rho_{\theta}|\theta\in\Theta\}(\Theta\subset R)$ $\{T^{(n)}\}$
(38) $\forall\theta\in\Theta,$ $\forall\epsilon>0$
$\varliminf_{narrow\infty}\frac{1}{n}\log P_{\theta}\{T^{\langle n)}\geq\theta+\epsilon\}\geq-D(\rho_{\theta+\epsilon}||p_{\theta})$ (40)
([6]) $\forall\theta\in\Theta,$ $\forall\delta>0$ (39)
$\frac{1}{l}D_{\Pi^{(l)}}(p_{\theta+\epsilon}^{(l)}||\rho_{\theta}^{\langle l)})\geq D$ ( $p_{\theta+\epsilon}$ II $p_{\theta}$ ) $-\delta$ (41)
$l$ $\mathcal{H}^{(l)}=\otimes^{n}\mathcal{H}$ $\Pi^{\langle l)}$ $\Pi^{(l)}$
(16) $\{T^{(n)}\}$




$\{T^{\langle n)}\}\in Cnarrow\infty n$
$C$ (31)
$\lim_{\epsilon\downarrow 0}\inf_{\{T\}\in C}\varliminf_{narrow\infty}\frac{1}{\epsilon^{2}n}\log P_{\theta}\{T^{\{n)}\geq\theta+\epsilon\}=-\frac{1}{2}\tilde{J}_{\theta}$ (43)
(42) :






$\delta$ $\Pi^{\langle l)},T^{\langle n)}$
$\epsilon$
$\lim_{\epsilon\downarrow 0}\lim_{narrow\infty}\frac{1}{\epsilon^{2}n}\log P_{\theta}\{T^{(n)}\geq\theta+\epsilon\}=-\frac{1}{l}\lim_{\epsilon\downarrow 0}\frac{1}{\epsilon^{2}}D_{\Pi^{\langle l)}}(\rho_{\theta+\epsilon}^{\langle l)}\Vert\rho_{\theta}^{(l)})$ (44)
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$D_{\Pi^{(l)}}(p_{\theta+\epsilon}^{(l)}||\rho_{\theta}^{(l)})$ Kullback divergence (29)
$\lim_{\epsilon\downarrow 0}\frac{1}{\epsilon^{2}}D_{\Pi^{\langle l)}}(p_{\theta+\epsilon}^{\langle l)}||p_{\theta}^{(l)})=\frac{1}{2}J_{\theta}^{\langle l)}[\Pi^{(l)}]$ (45)




$\lim_{\epsilon\downarrow 0}\lim_{narrow\infty}\frac{1}{\epsilon^{2}n}\log P_{\theta}\{T^{\{n)}\geq\theta+\epsilon\}\geq-\frac{1}{2}J_{\theta}$ (46)
(43) inf $T^{(n)}$ (46)
(46) $\mathcal{D}_{\theta}$ (43) inf $D_{\theta}$
:
$\epsilon\downarrow 0_{t^{T^{\langle)}}\}\in D_{\theta}n\overline{arrow\infty}}^{i\frac{1}{\epsilon^{2}n}\log P_{\theta}\{T^{(\mathfrak{n})}}\geq\theta+\epsilon\}=-\frac{1}{2}\tilde{J}_{\theta}$$\lim$ $inf\lim$–(47)
$\{T^{(n)}\}$ (27) $\max$ $\Pi_{\theta}$ MLE
(46) $\mathcal{D}_{\theta}$
$\inf_{\{T\langle n)\}\in D_{\theta}}\lim_{\epsilon\downarrow 0n}\lim_{arrow\infty}\frac{1}{\epsilon^{2}n}\log P_{\theta}\{T^{\langle n)}\geq\theta+\epsilon\}=-\frac{1}{2}\tilde{J}_{\theta}$ (48)
(47) (48) $\lim_{\epsilon\downarrow 0}$ inf
(32) (47)(48) (32)
$\mathcal{D}_{\theta}$ $C$ $\rho_{\theta}^{(n)}$
$T^{(n)}$ $M^{(n)}[T^{(n)}]$ Fisher $J_{\theta}^{(n)}[T^{(n)}]$
$Y$
$\lim_{\epsilon\downarrow 0^{n}}\lim_{arrow\infty}\frac{1}{\epsilon^{2}n}\log P_{\theta}\{T^{\langle n)}\geq\theta+\epsilon\}\geq-\frac{1}{2}\lim_{narrow\infty}\frac{1}{n}J_{\theta}^{\langle n)}[T^{\langle n)}]$ (49)
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(46) (49) (49)
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